ABSTRACT. In this paper, the problem of constructing geometric models from data provided by 3-D imaging sensors is addressed. Such techniques allow for rapid modeling of sculptured free-form shapes and generation of geometric models for existing parts. In order for a complete data set to be obtained, multiple images, each from a di erent viewpoint, have to be merged. A technique stemming from the Iterative Closest Point (ICP) method for estimating the relative transformations among the viewpoints is developed. Computational solutions are provided for estimating shape from noisy sensory measurements using representations that conform with commonly used representations from Computer Aided Geometric Design (CAGD). In particular, NURBS and triangular surface representations are applied in shape estimation. The surface approximations are re ned by the algorithms to meet a user-de ned tolerance value.
Introduction
Common industrial machine vision applications are, for example, visual inspection, robotic assembly and bin picking tasks. There are, however, a few new emerging application areas such as Free-Form Fabrication (FFF) and Rapid Prototyping (RP). In particular, we are interested in developing machine vision based tools for Computer Aided Geometric Design (CAGD).
In manufacturing, geometry plays an important role in shape design, in production of input for engineering analysis tools and in simulation of di erent manufacturing stages. The geometric design and manufacturing phases are tightly interconnected, since a particular design is eventually made into a product.
In this paper, computational solutions for constructing a shape model of an artifact from 3-D sensory measurements are provided. The goal is to provide a rapid geometric modeling service. Such service is useful as a design aid. Especially, in the case of freeform shapes the shape design by hand is relatively time consuming and usually requires extensive knowledge about the mathematical background of the modeling primitives, such as splines. These modeling techniques provide an initial shape model. The initial model, however, typically evolves and requires modi cations, no matter whether it is produced by an experienced designer or automatically from sensor measurements.
The two main problems in constructing shape models from 3-D data are: acquisition of a complete 3-D data set; and shape estimation from noisy data. The rst issue requires a strategy for positioning the sensor with respect to the object as well as the estimation of relative transformation among the images acquired from di erent viewpoints. The second one concentrates on techniques for processing and analyzing noisy 3-D sensor data in order to create a geometric model of a part. Both problems are addressed in this paper.
Currently, there is no single representation or method in CAGD that would be best for every design task. Therefore, we employ multiple representations in shape estimation to capture various shapes e ciently. In particular, triangulations, triangular spline, NonUniform Rational B-Spline (NURBS) and trimmed surface representations are used here for constructing models for free-form shapes. These representations allow for approximating surfaces of di erent geometry and topology. Moreover, the shape representations are related to commonly used design primitives which provides a means for data sharing with various manufacturing subsystems.
The organization of this paper is as follows. In section 2, data acquisition problem is addressed and a technique for view registration is developed. The technique is an extension of the ICP algorithm 3]. In section 3, computational solutions developed for shape model estimation are described. In section 4, examples of model construction using real and simulated range data are given. Finally, section 5 summarizes the paper.
Acquisition of 3-D data
Optical range-nding techniques provide only partial 3-D data because the emitted signals do not reach all the object surfaces when measurements are acquired from a single viewpoint at a time. Therefore, a strategy for positioning the sensor with respect to the object (or vice versa) is required to obtain measurements from all the surfaces of an artifact.
In order to merge range data sets from multiple viewpoints their registration, i.e., the relative rotation and translation among the views, must be estimated and the integration of the views performed. For surveys on di erent registration techniques the reader is referred to 4, 3] . A good estimate of the transformation among the viewpoints can sometimes be obtained directly using a high accuracy translation-rotation table. Otherwise, the transformation has to be determined and re ned from observations. In such cases, a closed-loop system for obtaining a complete 3-D data set is desirable in order to estimate registration accurately as well as to adapt the data acquisition to arbitrary object geometry and topology. The problem is illustrated in Figure 1 . Physical measurements are subject to noise. In the case of range data, the actual noise distribution may di er from Gaussian. Furthermore, there may occur greatly deviating observations, i.e. outliers, due to the material or orientation of the surface. The raw range data have to be ltered in order to separate the desired and undesired parts of the signal in contaminated sensor data. Non-linear ltering techniques are used because the spectra of the signal and the noise overlap to such an extent that it is not possible to separate them using lters that have frequency selective behavior without distorting the signal severely. Moreover, bias can be avoided even if the signal is not linear or where local minima or maxima occur 15].
Estimating registration among di erent viewpoints
The registration technique presented here is an extension of the Iterative Closest Point (ICP) algorithm proposed by Besl and McKay 3] . The original technique was devel-oped for registering data from a single view with a priori known model. No explicit feature-to-feature correspondences are required for matching. Furthermore, the technique is computationally e cient and any model primitive can be used providing that there exists a method for computing distances between a data point and a primitive. Only the estimation of the relative transformation is addressed here.
In a model construction task the registration problem is more complicated since there is no a priori known part model available. The internal representation used as a model has to be build incrementally by adding data from each view after registration. An approximate transformation between the views is available from the sensor setup. It provides a good rst estimate for the the minimization, and allows to exclude points from matching if they are not visible in the representation registered so far. Otherwise, those points would cause large errors in registration. 
is minimized. R denotes the 3 3 rotation matrix generated from the rotation quaternion.
Let q 0 be the state vector solution that is applied on the set P. The closest primitive search is iterated on the displaced set, leading to a new P ! X matching. The obtained consecutive displacements q are cumulated into a nal solution (q R ; q T ), until the error measure e(q) or the relative error change between two consecutive iterations e e is below a user-de ned threshold value. In practise, the latter criterion is dimensionless and easier to set, with typical values ranging between 0.01 and 0.001.
The primitives employed in the distance computation have to be chosen. Surface triangulations are a good choice because they are not limited by the spatial arrangement of the parametric space; they can model scattered data as well as surfaces of arbitrary topology; and are numerically stable. In particular, optimal Delaunay triangulation which possesses empty minsphere property is appealing for this purpose. In the case of triangulated data, the centers of gravity (p i 's) of the triangles in one image form the set P, and these points are registered against the triangles in the model registered so far.
In order to nd valid points for matching, the angle between the surface normals is checked after the displacement as follows: n x i:k R q R (n p i ) > cos( ) where n x i is the normal estimated at point x i , and is a threshold angle. Points where the angle between the normals exceeds the threshold value are rejected at each iteration. At iteration k, the displacement q is recomputed until no point violates the normal validity check above. In general, invalid points are rejected rapidly, so that only two or three ICP passes are necessary at each iteration. Although we have found out that a xed value 5 < < 10 was a reasonable guess for our application, the rejection angle could be dynamically set, and lowered as the matching process converges towards the exact registration q.
Although convergence to the nearest minimum is insured in the standard ICP procedure, it is no longer guaranteed if one rejects points according to the above criterion. In particular, one has to make sure the quality of the initial estimate is reasonably good.
Otherwise, too may points of data set P may get rejected (in that case the mean square error e tends to increase or even diverge rapidly). This phenomenon remains easy to monitor because it almost always occur in the very rst stages of the registration run.
3 Shape estimation
Issues on shape representation
Ideally, the shape estimation should extract the geometry and the topology of an object from the sensor data. Currently, there is no single representation that would be appropriate in all situations. Therefore, multiple representations are necessary in order to recover various shapes e ciently. In addition, the representations have to be closely related to modeling primitives commonly used in CAD systems and in a standard product data exchange format (e.g. IGES) or a technique for converting them to such representations have to exist. Otherwise, the model cannot be imported into a design system or shared in a concurrent engineering environment.
In this paper, we are interested in producing geometric models for free-form surfaces. Tensor product splines are used for surfaces where a rectangular parametric grid is appropriate, i.e., when a bijective mapping between the parametric domain and physical coordinates exists. Triangular representations are not limited by the spatial arrangement of the parametric space. Triangulations and triangular splines are employed here because they allow for representing surfaces of arbitrary topology and estimating shape from scattered data. The obtained shape estimates are re ned by the tting algorithms to meet a user-de ned tolerance value. For surveys on di erent shape representations in CAGD the reader is referred to 28, 21, 24, 19] The choice of shape representations does not depend only on the class of shapes one needs to model but also on the other design automation processes (e.g., CAD, CAE, CAM). As an example, if the production is done using conventional machining processes, the shape should be de ned using design primitives which convey structural information about the part and consequently make engineering analysis and process planning easier. Moreover, primitives conveying structural information facilitate signi cant data reduction in shape estimation. As an example, superellipsoid surfaces are used in 18] to detect primitive solids and capture global shape properties such as symmetry. Quadric surface tting 12, 25] used in computer vision and graphics domains can be used similarly.
In the case Free-Form Fabrication (FFF) processes based on layered technology such as stereolithography, the process planning is basically independent of part complexity and very little structural information is required in geometric model. As an example, a rotationally symmetric shape can be de ned as a collection of cross-section curves that correspond to di erent layers. For conventional manufacturing processes, the geometry is represented by a surface of revolution which allows for mapping the shape directly to a machining operation on a CNC lathe. Figure 3 shows a cylindrical pin de ned by cross-sectional layers and and by a surface of revolution design primitive. The shape of a cylindrical pin is modeled using (a) a collection of cross-sectional layers and (b) using a surface of revolution design primitive.
Triangulation
A surface triangulation is constructed in order to describe polygonal and irregular shapes as well as surfaces of arbitrary topology. Moreover, triangles are used as shape primitives in image registration. Vertices in the triangulation are used as domain vertices in smooth surface reconstruction based on triangular spline patches. Triangular primitives are included in IGES 14] as Finite Element entities which allows for data sharing.
A k/n-triangulation is a collection of k-simplices in n-dimensional space. A Delaunay triangulation satis es the property that the interior of the minsphere of a k-simplex contains no vertex of any k-simplex. The minsphere is the smallest (n?1)-dimensional sphere which passes through k + 1 vertices of a k-simplex. The technique used here follows the Generalized Delaunay Triangulation algorithm presented in 13] with k = 2 and n = 3. It starts with one k-simplex and new triangulation points are inserted one at the time. Di erent insertion operations are executed based on the location of insertion point relative to the triangulation. The process continues until all points have been inserted or the remaining points cannot be inserted without violating the empty minsphere property.
The triangulation is adaptively re ned using the L 2 norm between points and triangles. Points are added and removed to meet a user-de ned tolerance value tol. The triangulation is rst performed using a sparse sampling and in subsequent steps more points are incorporated until the required tolerance is achieved. A point is candidate for addition if the distance d to the nearest triangle T is > tol. Between each sampling interval, the triangulation vertex list is scanned for possible removals. For each point p in the triangulation, let T be the set of 2-simplices sharing p. p is tentatively removed and T is retriangulated into T 0 . p is de nitively removed only if the distance of p to T 0 is less than tol. The tolerancing step tends to produce plenty of small triangles if there are discontinuities on the surface. In the presence of edges a suboptimal Constrained Delaunay triangulation where edges are not allowed to cross discontinuities on the surface may be more appropriate 6].
Smooth surface tting over triangulation
A 2/3 Delaunay triangulation provides a planar approximation of a surface. Often one wants to model a shape with smooth surfaces. Commonly this is done by using tensor product splines such as NURBS and the continuity (C 1 ; C 2 ) is de ned as di erentiability with respect to the parameterization. However, the rectangular arrangement of the parametric domain and strict C continuity de nition do not allow for representing surfaces of arbitrary topology. Triangular splines provide a convenient modeling tool for such surfaces and allow for shape estimation from scattered data. Moreover, the continuity properties at the joints can be relaxed to geometric tangent plane (G 1 ) continuity (see 11]) to overcome the problem. (2) consists of 1 2 (n + 1)(n + 2) control points forming a triangular structure. The coe cients are estimated through a local interpolation process instead of approximation. Therefore, the resulting surface passes through the vertices of the underlying triangulation. The control net in the case of cubic patch is depicted in Figure 4 (a).
The 2/3 triangulation can be done using a less strict tolerance value since a cubic patch has more degrees of freedom to de ne each triangle. For each patch, the b i coe cients in (2) The estimation of the tangent plane at each vertex is a key factor for obtaining a high quality surface interpolant from real sensor data. This is often neglected in computer graphics and CAD literature. In particular, surface curvatures (employed for example in 7]) are di cult to estimate reliably from noisy data (see 1]). If the data are smooth in the neighborhood of a vertex and noise are Gaussian distributed, an e cient estimate for the tangent plane can be obtained using a least squares method. In reality, however, the error density is often not Gaussian and the vertex may be in the vicinity of an edge. Therefore, the tangent plane at each vertex is determined by estimating covariance matrix ? in a robust manner for a small number of neighboring observations using the IMCD (Iterative Minimum Covariance Determinant) technique 16]. In a neighborhood of N observations P (i) = (x i ; y i ; z i ) T and robust center estimate b P c , a robust covariance estimate b
?:
is computed for h = N=2] + 1 out of N observations using the following error criterion:
The normal of the tangent plane is obtained from the eigenvector~ corresponding to the smallest eigenvalue min ( b ?) of the covariance matrix estimate. This technique produces reliable results in the presence of both impulsive and nonimpulsive noise as well as near edges.
Cubic triangular patches do not o er enough degrees of freedom to obtain overall smooth (G 1 or C 1 ) surface. Therefore, each patch is subdivided (through modi ed CloughTocher split 10]) by splitting it into 3 minitriangles at the centroid (u = 1 3 ; v = 1 3 ; w = 1 3 ) as depicted in Figure 4 (b). The coe cients are then modi ed in a two stage process. First, in each minitriangle, the coe cients on the next row parallel to the boundary are adjusted to meet the continuity requirement cross the boundary. The internal coe cients are then corrected in order to preserve the continuity within the subdivided triangle. In case of G 1 continuity, the degree of a cubic minitriangle have to be elevated into quartic in order to have a cubic boundary curve. A degree n patch is thus written as a degree n + 1 patch with coe cients c i so that 11]: 
This operation increases the number of parameters signi cantly and some degrees of freedom remain unset after meeting the continuity requirement which may introduce unwanted oscillations. The concept of approximately G 1 continuous surface ("-G 1 ) allows the use of lower order patches 7]. The G 1 continuity is constructed asymmetrically here using Farin's condition 9] and employing the following heuristic: the coe cients of the triangle with smaller area are modi ed to establish the continuity with the triangle with larger area. This operation is justi ed by the fact that as a result of our adaptive triangulation, larger triangles can be considered more reliable than smaller ones. More sophisticated ways have been presented for setting the continuity condition over the boundary 21]. In practice, however, it is very di cult to estimate the tangent elds cross the boundary reliably from real noisy 1] or sparse data and consequently it is di cult to set the coe cients in a balanced way.
Tensor product spline approximation
B-splines are widely used for geometric modeling because of their local control and continuity properties. Furthermore, they are included in a standard product data exchange format 14] which facilitates data sharing.
A NURBS (Non-Uniform Rational B-Spline) surface is de ned as a bivariate polynomial function of parameters u and v as follows:
where N i;k and M j;l are the basis functions of order k and l, and the B h i;j 's are the homogeneous coordinates (x i;j ; y i;j ; z i;j ; h i;j ) of the control points. n and m de ne the number of control points in each parameter direction. The basis functions are de ned recursively (see 11] ). An open end condition is used.
In shape estimation we have no a priori knowledge about the complexity of the underlying surface and consequently we do not know the size of the control point mesh (n and m in (5)) required for approximating it. We estimate n and m from data, whereas in CAD and Computer Graphics domains it is common to have the user provide this information. It is important to have an appropriate number of control vertices. If there are too few control points, the t is not likely to converge; conversely, if there are too many control points unwanted oscillations may be introduced. An initial estimate for the control point mesh size is obtained by a local surface characterization process which subdivides the surfaces into geometrically homogeneous (planar, elliptic, hyperbolic or parabolic) patches using the coe cients (L; M; N) of the second fundamental form (II = Ldu 2 +2Mdudv +Ndv 2 ) from di erential geometry 20]. The surface type is determined based on the sign of the discriminant LN ? M 2 . The maximum number of homogeneous surface patches in each parameter direction yields an estimate for the number of control points needed in each parameter direction 17]. The subsequent processing steps re ne the estimate to improve the accuracy.
Tensor product B-spline surfaces require a rectangular parametric grid. Such a grid is provided directly in some sensor arrangements, for example, systems that use a highprecision rotating platform and express all the measurements in a single cylindrical coordinate system. In general, however, the samples do not form a parametric grid directly and a resampling procedure has to be applied. The approach used here is related to the lofting techniques used in design. A NURB curve is t to samples on each scanline, and the required number of samples for the parametric grid are interpolated. If the data are scattered, a surface triangulation has to be performed and isoparametric lines interpolated.
The obtained shape model is re ned where the error distance exceeds a user-de ned tolerance value. The whole spline tting procedure including the re nement proceeds as follows:
1. An initial estimate for n and m in (5) is obtained through surface characterization based on di erential geometry.
2. Positions of the control points are estimated minimizing the least squares error criterion using (6).
3. The (u; v)-parameterization is re ned using (7).
4. The positions of the control points are estimated using the new parameterization.
5. If the error exceeds a user given tolerance value, a knot and consequently a control point is added to that location.
6. The position of the new control point is modi ed to meet the tolerance value using (8) . The locations of the control points of the approximating NURBS surface are computed by minimizing error in least squares sense. Now the B h i;j 's from equation (5) have to be estimated, and S(u; v)'s are the data points. All the weights h i;j are originally set to 1:0 because the S(u; v)'s are physical measurements. Using matrix representation, the solution is 27]:
where elements of C are C i;j = N i;k M j;l , S is the matrix of data points, and B is the obtained control point mesh.
The parameterization is re ned to make the error at each point orthogonal to the approximating surface. This provides an optimal estimate when L 2 norm is used. The re nement in parameter u for point P i;j is computed as follows:
where = (P i;j ? S(u i ; v j )) S u (u i ; v j ) jS u (u i ; v j )j ;
and S u is partial derivative with respect to u. The re nement in parameter v is performed similarly. The total length of each parametric line u i and v j is normalized to 1.0. Our initial estimate for the mesh size is not necessary adequate and large errors may occur where the surface undergoes rapid changes. Reparameterization alone may not be su cient for obtaining the required accuracy. In areas where large errors occur, a ner control point mesh is required. The exibility of the surface is increased rst by inserting new knots, and consequently, control points using the Oslo-algorithm 5]. Let the unre ned NURBS surface be de ned using n m control points B i;j and basis functions Q i;j (u; v) as follows: S(u; v) = P n i=1 P m j=1 B i;j Q i;j (u; v). As a result of the knot insertion, exactly the same shape is de ned using p q control vertices 
Curve or surface discontinuities can be introduced by inserting a knot with multiplicity equal to the order of the B-spline. In the case of approximating surfaces with branches or holes, trimmed surfaces are employed. A trimmed B-spline is a regular B-spline surface where certain parts of the surface are marked invalid. An example of a trimmed NURBS surface is depicted in Figure 5 . The intersection curves of parametric surfaces are computed using subdivision 
Examples
In this section, examples of view registration and shape estimation are presented. Registration estimates the relative rotation and translation among the views. An example of registration of free-form shapes is given using 4 views. The rst triangulation is used as a reference set, and the registration is performed using the barycenter of each 2-simplex from the next view as points p i . The surface normal at each point is obtained directly from the plane equation of the 2-simplex. Range data of the 4 views as well as the corresponding triangulation results are illustrated in Figure 6 . The image resolution is x = y = 1:0 and z = 0:026. All images are triangulated using tolerance value tol = 1:3. In the experiments, the approximate rotations used as initial estimates are set 5 degrees o from the actual value. Typically 100 iterations are required to obtain su cient accuracy. The errors in pairwise registrations among the 4 views are given in Table 1 . Table 1 : Errors in rotation (in degrees), translation and the average residual errors for 3 pairwise registrations. The residual error is the the distance between each point used for registration and the closest triangular primitive.
In order to show the nal registration result, isoparametric contours obtained from the free-form registration experiment above are used as an input to the NURBS tting procedure. The approximating spline surface covering more than 180 view is depicted in Figure 7 . Multiple representations are used in surface approximation in order to model various shapes e ciently. Widely used real range data 26] are employed in the shape estimation examples. The image resolution is 256-by-256 pixels and 16 bit quantization is used for the depth values. The Face Mask data are approximated in order to show the ability to describe very complicated shapes whereas the Hand data describes a surface where the rectangular parametric space of a tensor product B-spline surface is not appropriate. Therefore, the shape is approximated using the trimmed surface representation. The bounding curve is found by Canny step edge detector 8]. The original data sets, the approximating NURBS surfaces and the domain vertices of the Bezier triangles are depicted in Figure 8 .
Unlike parametric surfaces, triangulations are not limited by the rectangular or spherical arrangement of the parametric domain. The triangular spline tting is using a 2/3 triangulation as a starting point. A constrained Delaunay triangulation would provide more reliable starting point since edges of triangles do not extend over discontinuities. The estimation of tangent planes at each vertex of the triangulation is crucial for high quality shape estimation. Mean absolute error (MAE) was computed for each triangular spline patch at barycentric coordinates (u; v; w = 1 3 ). The error gures are given using the least squares and robust estimates of the tangent plane at each vertex in Table 2 . A more detailed comparison in the presence of di erent types of noise can be found in 15, 16] . If the assumption on Gaussian distributed noise does not hold or if there are discontinuities present in the neighborhood the robust technique produces reliable results. On smooth regions, however, the output variance is higher. In subdivided triangles, many degrees of freedom remain unset after satisfying the continuity condition which contributes to increased variance. This is apparent especially with G 1 continuous patches where the degree of the triangles is elevated into quartic.
The NURBS approximations are re ned to meet a user-de ned tolerance value. First, the parameterization is re ned to make the error orthogonal to the signal. If the required accuracy is not obtained everywhere by re ning the parameterization, new knots (and control points) are inserted to such locations to increase the exibility of the surface. The positions of the new control points are then modi ed. Figure 9 (a) depicts the improvement in RMS error for a pro le from the Face Mask data as the parameter re nement is iterated. The pro le, the approximating spline and the corresponding error distances before and after the re nement are shown in Figures 9(b)-9(d) . The re nement is done using tolerance value 0.7 mm. Three new knots are inserted, and subsequently the locations of the new control points modi ed. The obtained shape model is produced both in Alpha 1 2] procedural modeling language and in IGES format. The actual part geometry is generated by executing the Alpha 1 procedure. Such procedure is also easy to modify as the design evolves.
Summary
In this paper, the problem of constructing geometric models from data acquired by 3-D imaging sensors is addressed. In particular, computational solutions for free-form shape estimation from noisy sensor data are provided. In addition, a technique for estimating the relative transformation among the views without a priori model is developed. The technique extends the ICP algorithm by using additional constraints to nd valid points for matching.
Multiple representations are used in shape estimation since at present there is no single representation that would be the most appropriate in all situations. In particular, NURBS, Delaunay triangulation and triangular spline representations are employed. The surface tting results are re ned by the algorithms to meet a user-de ned tolerance value. The shape representations employed here are closely related to modeling primitives commonly used in design and are included in a standard product data exchange format. This conformity allows the model to be imported into CAD systems and shared in a concurrent engineering environment.
The obtained shape model is often insu cient for a good design. The design intention, the functionality of the part and the demands related to manufacturability, assembly, and maintenance among others may be di cult to determine from sensory measurements. In order to manufacture a functional part, such knowledge has to be incorporated into the product model and may cause changes in the shape model as well.
Some problems that play an important role in geometric modeling from sensor data remain to be solved. In particular, intelligent strategies for positioning the sensor with respect the object are required. Furthermore, the segmentation of the data is an ill-posed problem since the visible parts of an object do not necessary have a direct correspondence to the actual functional parts. Therefore, human intervention may be required in subdividing the data into parts.
